Twisted modules for quantum vertex algebras 

Haisheng Li^l], Shaobin Tan*il, and Qing Wang** 
*Department of Mathematical Sciences, Rutgers University, Camden, NJ 08102 
** Department of Mathematics, Xiamen University, Xiamen, China 



Abstract 

We study twisted modules for (weak) quantum vertex algebras and we give 
a conceptual construction of (weak) quantum vertex algebras and their twisted 
modules. As an application we construct and classify irreducible twisted mod- 
ules for a certain family of quantum vertex algebras. 



1 Introduction 

In |EK] . one of a series of papers on quantizations of Lie bialgebras, Etingof and 
Kazhdan developed a fundamental theory of quantum vertex operator algebras. In- 
spired by this theory, one of us (H.Li) has extensively studied a notion of (weak) 
quantum vertex algebra (see |Li4] . |Li5j . |Li6j ). While quantum vertex operator 
algebras in the sense of |EK] are formal deformations of vertex algebras, weak quan- 
tum vertex algebras are generalizations of vertex algebras and vertex super- algebras 
in a certain direction. A weak quantum vertex algebra satisfies all the axioms that 
define the notion of vertex algebra (cf. |LL] ) except the Jacobi identity axiom that 
is replaced by a braided Jacobi identity axiom. An interesting feature of this theory 
is that each weak quantum vertex algebra V that is non-degenerate in the sense of 
|EK] gives rise to a canonical rational unitary quantum Yang-Baxter operator with 
one spectral parameter on V. While Jacobi identity amounts to (suitably defined) 
commutativity and associativity, braided Jacobi identity amounts to associativity 
and braided commutativity, called 5-locality. Thus weak quantum vertex algebras 
are automatically nonlocal vertex algebras, namely field algebras in the sense of 
[BKj . which are vertex analogs of noncommutative associative algebras. 

While nonlocal vertex algebras are arguably too wild to be interesting, weak 
quantum vertex algebras form a perfect class from various points of view. (Note 
that in |EKj quantum vertex operator algebras are singled out from the wild family 
of braided vertex operator algebras by using "associativity.") On the one hand, 
this class is large enough to include those known generalizations of vertex algebras 
such as vertex super-algebras and vertex color- algebras and to include interesting 
new examples. On the other hand, it is tangible. Because of the associativity, weak 
quantum vertex algebras admit a very nice representation theory, just as ordinary 
vertex algebras do. It was proved in [Li4j that for any general vector space W, every 
what was called 5-local subset of B.om{W,W{{x))) canonically generates a weak 
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quantum vertex algebra with W as a canonical faithful module. (This generalizes 
the corresponding result of [Lilj . which states that any local subset generates a 
vertex algebra with W as a canonical faithful module.) 

In the theory of vertex (operator) algebras, for a vertex algebra V, in addition 
to (untwisted) modules, one also has so-called twisted modules with respect to a 
finite-order automorphism of V. (This is one of those new features of vertex alge- 
bras, compared with classical Lie or associative algebras.) The notion of twisted 
module was originated from the construction of the celebrated moonshine module 
vertex operator algebra V"^ (see |FLM1] . |FLM2] . |Le] ) and it had played a critical 
role therein. Twisted representations for general vertex operator algebras have been 
extensively studied in literature (cf. |Li2j and |DLM] ). In particular, a concep- 
tual construction of vertex algebras and their twisted modules was given in |Li2] . 
generalizing the result of |Lilj . 

In this current paper, we study twisted modules for (weak) quantum vertex 
algebras and we establish a conceptual construction of weak quantum vertex algebras 
and their twisted modules by using twisted vertex operators. The main result of 
this paper naturally generalizes the corresponding results of [Li2j and |Li4j . As 
an application we construct and classify irreducible twisted modules for quantum 
vertex algebras Vq which were constructed in |KL] from a square multiplicatively 
skew complex matrix Q. 

To describe the general construction, let be a general vector space and let 

be a positive integer. We consider the space (Endiy)[[x"^/^, a;""^/^]], which is 
naturally graded by the abelian group Z/NZ. Denote by 6 the associated linear 
automorphism of order N (defined by using the principal iV-th root of unity). Set 

£{W,N) = ©^-^x^Hom(iy,iy((a;))), 

a graded subspace, on which 9 acts. We say a subset U of S(W, N) is iS-local if for 
any a{x),b{x) G U, there exist 

Ci{x), di{c) G U, fi{x) G C{{x)), z = 1, . . . , r 

such that 

r 

(Xi - X2)^a(xi)6(x2) = (Xi - X2)'' ^ fi{x2 - Xi)Ci{x2)di{xi) 

i=l 

for some nonnegative integer k. We prove that any iS-local subset of £{W, N), which 
spans a graded subspace, canonically generates a weak quantum vertex algebra on 
which 6 acts as an automorphism of period N, and that ly is a canonical ^-twisted 
module. 

Let Q = (qij) be an r x r complex matrix satisfying the condition that qijqji = 1 
for I < i, j < r. Define to be the associative algebra with generators Xj_,„, Yi^n 
for I < i < r, 72 G Z, subject to relations 
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for 1 < i, j < r, 171,71 G Z. Associative algebras like have appeared in the study 
of noncommutative quantum field theory. Notice that if qij = 1 for 1 < i,j < r, 
Aq, which is the universal enveloping algebra of a Heisenberg Lie algebra, is a Weyl 
algebra. If qij = — 1 for 1 < i, j < r, ^q, which is the universal enveloping algebra 
of a Lie superalgebra, is a Clifford algebra. Thus algebras are generalizations 
of Weyl algebras and Clifford algebras. Let J be the left ideal of generated by 
^i,m, Yi,n for 1 < z < r, m, > 0. Set Vq = Aq/J, a left ^q-module, and set 
1 = 1 + J G Vq. It was proved in |KLj (cf. |Li5j ) that there exists a canonical 
quantum vertex algebra structure on Vq. 

Let N be any positive integer. Define an automorphism of such that 

for 1 < i < r, m G Z, where cutv denotes the principal primitive A^-th root of unity. 
This gives rise to an order- automorphism of the quantum vertex algebra Vq. In 
this paper, we study 6'Ar-twisted Vcj-modules. We construct 6'iv-twisted Vq-modules 
by using a twisted algebra of ^q. Since Vq are generahzations of Clifford vertex 
operator super algebras, our results generalize the corresponding results of [FFRj (cf. 

m)- 

This paper is organized as follows: In Section 2, we define the notion of a- 
twisted module for a nonlocal vertex algebra V with an automorphism a of finite 
order and we establish several basic results. In Section 3, we give a general con- 
struction of weak quantum vertex algebras and twisted modules. In Section 4, we 
construct and classify irreducible twisted modules for certain quantum vertex alge- 
bras of Zamolodchikov-Faddeev type. 



2 Twisted modules for nonlocal vertex algebras 

In this section we formulate and study a notion of twisted module for a general 
nonlocal vertex algebra, and we establish certain basic properties. For this paper, 
the scalar field is the field C of complex numbers and N denotes the set of nonnegative 
integers. 

We begin with the notion of nonlocal vertex algebra ( [Li4j : cf. |BKj . |Li3j ): 

Definition 2.1. A nonlocal vertex algebra is a vector space V equipped with a linear 
map 

Y{-,x):V Hom(V, C (End-V)[[x,x-^]] 

V ^ Y{v,x) = J2'"nX-'"^ KeEnd'V), (2.1) 

nez 

and equipped with a vector 1 E V, satisfying the conditions that for t> G V, 

Y{l,x)v = v, (2.2) 
Y{v,x)l eV[[x]] and \imY{v,x)l = v (2.3) 
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and that for u,v,w G V, there exists a nonnegative integer / such that 

(xo + X2)'F(m, xq + X2)Y{v, X2)w = {xq + X2yY{Y{u, Xo)v, X2)w. (2.4) 

The following was proved in |Li3] : 

Lemma 2.2. Let V he a nonlocal vertex algebra. Define a linear operator V on V 
by 

V{v) = V-2I for V eV. (2.5) 

Then 

[D, Y{v, x)] = Y{V{v),x) = ^Y{v, x) for v e V. (2.6) 

Furthermore, for v G V , 

e'^^Yiv, xi)e-^^ = Yie^'^v, xi) = Y{v, xi + x), (2.7) 
Y{v,x)l = e''^v. (2.8) 

Let ?7 be a subset of a nonlocal vertex algebra V. Denote by (U) the nonlocal 
vertex subalgebra of V generated by U, which by definition is the smallest nonlocal 
vertex subalgebra of V, containing U. From [Li3j we have: 

Lemma 2.3. For any subset U of V, the nonlocal vertex subalgebra (U) generated 
by U is linearly spanned by the vectors 

^S---^"?! (2.9) 

for r > 0, u*^*^ G f/, ni, . . . , G Z. 

The notion of weak quantum vertex algebra, defined in |Li4] . singles out an 
important class of nonlocal vertex algebras. 

Definition 2.4. A weak quantum vertex algebra is a vector space V equipped with 
a linear map 

F : 1/ ^ Hom(V',\/((x))); v^Y{v,x) 
and equipped with a vector 1 G V, satisfying the conditions that ioi v & V , 

Y{l,x)v = v, (2.10) 
Y{v,x)leV[[x]] and YimY {v , x)l = v , (2.11) 

and that for m, f G V^, there exist t'^*^ -u*^*) G fi{x) G C((x)), i = 1, . . . , r, such that 

1^ / Xi X2_ \ Y{u,Xi)Y{v,X2) 

\ J 

(^1^) V/.(-xo)F(t;«,X2)F(w«,xi) 
= x^' S (^^^^^Y{Y{u, Xo)v,X2) (2.12) 



(the S-Jacobi identity). 
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Just as Jacobi identity does, iS-Jacobi identity implies weak associativity, so 
that a weak quantum vertex algebra is automatically a nonlocal vertex algebra. 
Furthermore, iS- Jacobi identity also implies S -locality (cf. |EKj ) in the sense that 
for any u,v E V, there exist fi{x) G C{{x)), u^^\ v^'^^ E V , i = 1, . . . ,r, such that 

r 

(xi - X2)'Y{u, xi)Y{v, X2) = (xi - 0:2)' J2 ^^(^2 - xi)Y{v^^, X2)r xi) (2.13) 

1=1 

for some nonnegative integer k. In fact (see |Li4j ). 5- Jacobi identity is equivalent 
to weak associativity and iS-locality, and hence a weak quantum vertex algebra is 
exactly a nonlocal vertex algebra that satisfies iS-locality. 

Remark 2.5. Let V be a nonlocal vertex algebra and let 

u, V, u^'\v^'\ . . . , wM, EV; h{x),..., /,(x) E C((x)). 

It was proved in |Li4j (Corollary 5.3) that 

r 

(Xi - X2)^T(U, Xi)Y{v, X2) = (xi - X2)'' •^^(^2 - Xi)Y{v^'\ X2)Y{U^'\ Xi) 

1=1 

holds for some /c G N if and only if 

r 

Y{u, x)v = J2 M-x)e''^Y{v^^, -x)u^'^. (2.14) 
1=1 

Following Etingof-Kazhdan [EKJ, define a linear map 

F(x) : C((x)) ®V®V ^ V{{x)) 

by 

F(x)(/(x) ^u(^v) = f{x)Y{u,x)v for /(x) E C((x)), u,v E V. 
Then a nonlocal vertex algebra V" is a weak quantum vertex algebra if and only if 
Y{u, x)v E e^^F(x)(C((x)) ®V®V) (2.15) 

for all u,v E V. 

In practice, the following technical result is very useful (cf. |Li5j . Lemma 2.7): 

Proposition 2.6. Let V be a nonlocal vertex algebra. Suppose that U is a subspace 
of V satisfying the conditions that V = (U) and that for any u,v E U, there exist 

r 

v^^^ ® u^^^ ® fj{x) eU ®U ® C((x)) 

i=i 

and a nonnegative integer k such that 

r 

(xi - X2 fY{u, xi)Y{v, X2) = (xi - X2)'= ^^'^^2 - xi)Y{v^'\x2)Y{u^'\xi).i2.16) 
Then V is a weak quantum vertex algebra. 
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Proof. In view of Remark 12. 5^ we must prove that fl2.15p holds for all u,v & V. Let 
us introduce some technical notions. For a subspace A of V, we set 

A^^) = spaii{unV \u,v e A, n e Z} C V. 

We say that an ordered pair {A, B) of subspaces of V is 5-local if 

Y{a,x)bee'''^Y{x){£{{x))®B®A) for a G A beB. 

For X2), (^(xi, X2) G ^]], we define F ~ G if 

(Xi - X2Y{Xi + X2YF = (Xi - X2)^(Xi + X2)'^G' 

for some p, g G N. It is clear that the defined relation "~" is an equivalence relation. 

We are going to prove that if an ordered pair {A, P) of subspaces of V is iS-local, 
then (y4, P*^^)) and {A^'^\ P) are 5-local. Then it follows from this and induction 
that {{U), (U)) is iS-local. Therefore, \^ is a weak quantum vertex algebra. 

First, we prove that (A,P^^^) is iS-local. Let a E A, u,v E P. There exist 
fiix),g,j{x) E C((x)), a«,a(^^) G A, u^'\v^^'> G P for 1 < z < r, 1 < j < s, such 
that 

r 

Y{a, xi)Y{u, X2)v ~ ^ fi{x2 - xi)F(-u^*\ X2)Y {a^''\ xi)v , 

i=l 

s 

and 

F(m«,X2 -xi)y(t;(^'),-xi)a('^') ~ Y{Y{u^\x2)v^^\-xi)a^''\ (2.17) 
Using the X'-bracket-derivative property (12. 7p and weak associativity we get 
F(a, xi)Y{u, X2)v 

r 

~ /*(^2 - xi)F(m», X2)F(a(*), xi)v 

i=l 

r s 

~ 5Z/.(a:2 - xi)r(n«,X2) 5^ (?.,(-xi)e^i^r (!;(■'■), -x^)a^'^'> 
i=i j=i 

r s 

- ^^(^2 - xi)(7,,(-xi)e^-i^F(M«, X2 - x,)Y{v^^\ -xi)a(^^) 

r s 

~ J] J]/i(-a:i +X2)(7.,(-Xi)e^^^r(r(u«,X2)^(^'),-Xi)a(*^). 
i=i j=i 



6 



That is, there exists a nonnegative integer k such that 

{xl - xlfY{a, xi)Y{u, X2)v 

r S 

= (4 - 4)' E E /^(-^i + X2)9iji-Xi)e^^''Y{Y{u^^,X2)v(^\ -x^)a(^^\ 

1=1 j=i 

As both sides involve only finitely many negative powers of X2, multiplying both 
sides by {xi — X2)~^{xi + 2:2)^^, we obtain 

r s 

y(a, x,)Y{u, X2)v ^J2Y1 -^^(-^1 + ^2)giA-Xi)e-''^Y(Y(u^'^, X2)v^\ -Xi)a^'^\ 
i=i 3=1 

It follows that {A, P(2)) is 5-local. 

Next, we prove that {A^'^\P) is 5-Iocal. Let a, 6 G A, w E P. There exist 
fi{x),gij{x) e C((x)), a(*^),M^) G A, w^\w^'^^ G P for 1 < i < r, 1 < j < s, such 
that 

Y{h,X2)w = ^e^^fi{-x)Y{w^'\-x)b^'\ 

i 

s 

Y{a,xi)Y{w^'\ -X2)h^^ - ^gij{-X2 - xi)Y{w^'^\ -X2)Y{a^'^\xi)h^\ 

Using weak associativity we get 

Y{Y{a, Xi)b, X2)w 
~ Y{a,xi + X2)Y{b,X2)w 

r 

~ Y{a, X, + X2) fi{-X2)e^''^Y{w^\ -X2)6« 

i=l 

r 

~ 1] /.(-X2)e-^^y(a, -X2)fo« 

i=l 

r s 

~ ^^/.(-x-2)<7.,(-a;2 -a;i)e^^^F(w;(*^),-a;2)r(a(*^\a;i)6«. 
By a similar reasoning we obtain 

r s 

Y{Y{a,x,)b,X2)w = ^^/,(-X2)^i,(-X2 - x^)e-'^^Yiw^'^\ -X2)Y{a^'^\x^)b^'^ . 
i=i j=i 

This proves that {A^'^\ P) is <S-local. Now, the proof is complete. □ 

Next, we formulate a notion of twisted module for a general nonlocal vertex 
algebra. For two nonlocal vertex algebras V and a homomorphism of nonlocal 
vertex algebras from to X is a linear map a such that 

a{l) — 1, a{Y{u,x)v) — Y{a{u),x)a{v) ioru^vEV. 
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An automorphism of a nonlocal vertex algebra is a bijective endomorphism of V 
and an automorphism of a weak quantum vertex algebra V is an automorphism of 
V viewed as a nonlocal vertex algebra. 

Let ^ be a nonlocal vertex algebra and let a be an automorphism of V of period 
N in the sense that = 1. Then a acts semisimply on V and 

where is the eigenspace of a with eigenvalue exp ^ ^^"V^ j _ gg^ 

cuat = exp I ■ 

the principal primitive A^-th root of unity. 



Definition 2.7. Let V be a nonlocal vertex algebra and let a be an automorphism 
of V of period A^. A a-twisted V -module is a vector space W equipped with a linear 
map 
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Yw-V ^ Hom(Vr,Vr((x^))) C (EndW)[[x^/^,x-i/^]], 
satisfying the conditions that lV(l,a;) = Iw (the identity operator on W), 

Yw{(Tv,x)= lim Yw{v,x) for G V, (2-18) 

and that for -u, f G there exists a nonnegative integer such that 

{x^ - X2fYw{u,Xi)Yw{v,X2) e Hom(Vr,Vr((xf ,a;2*))), (2.19) 

and 

XQYwiY{u,xo)v,X2) = Uxi - X2)''Yw{u,xi)Yw{v,X2)) I 1 j_- (2.20) 

If is a weak quantum vertex algebra, we define a a-twisted V -module to be a 
cr-twisted module for V viewed as a nonlocal vertex algebra. 

We shall denote a twisted module by a pair {W^ Yy/) whenever it is necessary. 
Notice that the axiom fl2.18p amounts to that 

x^Yw{u,x)e{'E.ndW)[[x,x~'^]] (2.21) 

ioiueV\ < r < A^ - 1. 

Remark 2.8. We here explain certain substitutions including the one which has 
appeared in the right hand side of (I2.20p . First, recall the standard formal variable 
expansion convention 

{X2 ± XoT = J2 (±l)^^r^^O e X^C[X2'][[X0]] 
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for aeC. Then for /(xi, X2) = J2m,nek+n /("^^ n)x^ G W{{x^ , x^)) with k E Z, 
we define 

/(2:i,a;2)|^.i/iv^(^^^^^)i/iv = fim,n){x2±Xo)'^xf 

m,n£k+N 

m + n ■ 

^]{±iyf{m,n)x—-'xl 

which hes in M/((x^))[[xo]]. Furthermore, we extend this substitution in the obvious 
way for F^xx^x^) G Hom(M/, , xl'))), where 

One can show that this substitution gives rise to an injective map. That is, for 
F(xi,X2),G(a;i,a;2) G Hom(iy, iy((xf , X2^))), if 

then F(xi,X2) = G'(xi,X2). 

We shall need another substitution 

^^(xi,X2)|,./iv^(,^^,^)Viv e l^((xo^))((x2^)) (2.22) 
for H{xi,X2) G ))((a;2'))- One can show that 

(^F{xi, a;2) |^i/iv^(^^_^^)i/iv) ^/iv^(^^+^^)i/iv = ^(a^i, 2:2) |^i/iv^(^^^^^)i/^ (2.23) 

for F{xi,X2) G Hom(iy,Vr((xf ,X2^))). 

Note that for n G Z, we have Xlj^i = if n ^ A^Z and XljLi "^w^ = 1 if 
n G iVZ. We have (see |FLM2j ) 

J_ _L_ 

Furthermore, for f{xi,X2) G Hom(VF, Vr((xf , a;^))), we have 

/ X2 + Xo \ 
Xi I I /(Xi,X2) 

= j/(^i'^2)Li/iv^,.^(,,+,„)V^. (2.25) 

9 



For simplicity, sometimes we shall simply use Xi = X2 + Xq for the substitution 

Lemma 2.9. Let V be a nonlocal vertex algebra and let a be an automorphism of 
period N. In the presence of the other axioms in the definition of a a-twisted V- 
module, the axioms /12.19\) and /12.2M can be equivalently replaced with the property 
that for u G V^, v E V, w E W with < r < N — 1, there exists I G N such that 

{x2 + xo)''^^1V(F(m, xo)v, X2)w = (xo + a;2)'"^^lV(u, Xq + X2)Ywiv, X2)w. (2.26) 

Proof. Assume that (VF,Fvk) is a a-twisted ^-module. For u G V^, v E V, w E W 
with < r < - 1, with i^M^l and (^A9\i . there exists / G N such that 

x[^^{xi-X2)'Yw{u,xi)Yw{v,X2)weW[[xi]]{{xf)). 
Then using f l2.20p we obtain 

(Xo + X2y^^XQYw{u, Xq + X2)Yw{v, X2)w 

X^^^{xi - X2)''Yw{u,Xi)Yw{v,X2)n?j Ui=xo+X2 

X^^^{Xi - X2)''Yw{u,Xi)Yw{v,X2)w^ Ui=X2+xo 
= (x2+Xo)'+^ ((Xi - X2)''Yw{u,Xi)Yw{v,X2)w) \x^=x2+xo 

= {X2 + xoy~^^XQYw{Y{u,xo)v,X2)w, 

from which fl2.26p follows. On the other hand, assume that (12.261) holds. Let A; G N 
be such that x^Y{u,x)v G V^[[x]]. Then the left hand side of (I2.26p . after multiplied 
by Xq, involves only nonnegative integer powers of xq. Consequently, we have 

(xo + X2y^^x^Yw{u, xo + X2)Yw{v, X2)w G W[[xo]]{{x^)). 
Substituting Xq = Xi — X2 we get 

x['-^{x,-X2fYw{u,x,)Yw{v,X2)w G W[[xM4y)- (2.27) 

That is, 

, J. j_ 

(xi - X2) Yw{u,xi)Ywiv,X2)w G W{{x^ ,x^)). 

Noticing that k does not depend on w, we obtain 

{xi - X2)''Yw{u,xi)Yw{v,X2) G }iom{W,W{{xf,xf))), 
proving I^J9^. Also, using (12:271) and fl2:26|l we get 

(X2 + Xo)'"^^XolV(y (m, Xo)v, X2)w 
= (xo + X2)'^'^Xo1V(m, Xo + X2)lV(f , X2)w 

^^^'^(Xi - X2)''Yw{u,Xi)Yw{v,X2)w^ Ui=xo+X2 
^y^^{xi - X2)''Yw{u,Xi)Yw{v,X2)w^ Ui=X2+xo 
(x2 + Xo)'+^ ((Xi - X2)^Yw{u,Xi)Yw{v,X2)w) \x^=x2+xo- 
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Multiplying both sides by {x2 + Xq) n we obtain fl2.20p . □ 

Using an argument similar to that in the proof of Proposition 2.6 in |Li3] (cf. 
|DLMj ) we get: 

Lemma 2.10. Let (W,Yw) be a a-twisted module for a nonlocal vertex algebra V. 
Then 

Yw{Vv, x) = ^Ywiv, x) for v e V. (2.28) 

Furthermore, we have: 

Lemma 2.11. Let a be an automorphism of a nonlocal vertex algebra V of period 
N and let {W, Yw) be a a-twisted V -module. Let 

a, 6, a«, . . . , a^, 6^ eV- . . . , G C((x)). 

Then 

(xi - X2fYw{a, Xi)Yw{h, X2) 

r 

= (a;i-X2)'5^/.(x2-a;i)lV(6«,X2)lV(a«,xi) (2.29) 
1=1 

holds for some k E N if and only if 

1^ ( ^ — ^ ) Yw{a, Xi)Yw{b, X2) 

f^l^) V/.(-a;o)lV(&(^X2)lV(a«,xi) 

= ^£'''2'''^ (''^' (^^^) ^w{Y{a^a,x,)h,X2). (2.30) 

Proof. Clearly, fl2.29p follows from fl2.30p . Now we prove that (12.290 also implies 
fl2.30p . Choose a positive integer k so large that (I2.29P holds and that 

{xi-X2fYw{a^a,xi)Yw(b,X2) G }lom{W,W{{xf ,xf))) 
for < J < iV- 1. Then 

xlYw{Y{o^a,XQ)h,X2) = {{xi - X2)''1V((t%, a;i)lV(6, Xs)) |^,i/iv^(^^_^^^)i/jv 
for < j < — 1. Since 

Yw((J-'a,xi) = lim Yw(a,xi) 

l/N ~j 1/N 
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(recall fl2.21l) ). we have 

XoYw{Y{a^a,xo)b,X2) = {{xi - X2)''Yw{a,xi)Yw{b,X2)) \^i/N^^-,^^^^^^y;^. 
Then using f l2.29p and Remark 12.81 we get 

x^Xq^S (^~^~^~^ Yw{a,Xi)Yw{b,X2) 

-xlx-,^5 y^f,{-xo)Yw{h^\x2)Yw{a^\x^) 
((xi - X2)''Yw{a,xi)Yw{b,X2)) 

Xq j 

^1^*^ {~~~^ ((^1 - X2fYw{a,x^Yy^{b,X2)) 

X2^ Xq\^ 



Xx 



1 / / 

1 -1 , / -j X2 + X0 



j=0 \ ^ ^ 



■1 — "^iV 

JV 



• {{xi - X2)''Yw{(T^a,xi)Yw{b,X2)) \^i/N^^^^^^^y^^ 



Multiplying both sides by Xg'^, we obtain (12.301) . □ 

Proposition 2.12. Let V be a nonlocal vertex algebra with an automorphism a of 
period N and let {W, Yw) be a a-twisted V -module, and let 

u, V, v^'\ u^'\v^'-^ eV, Mx),..., frix) G C((x)). 

If 

r 

{Xi - X2tY{u, Xi)Y{v, X2) = (Xi - X2f ^^(^2 - Xi)Y{v^'\ X2)Y{U^'\ Xi) (2.31) 

i=l 

for some G N, then 

(xi - X2YYw{u, xi)Yw{v, X2) 

r 

= (xi-X2)^5^/.(x2-xi)ny(t^^*\a;2)lV(ti^*\xi) (2.32) 



i=l 
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for some p G N. // {W, Y]^) is faithful, the converse is also true. 
Proof. First, note that from Remark 12.51 fl2.3ip is equivalent to 

r 

Y{u,Xo)v = 5^/,(-Xo)e^°^F(t;«,-Xo)M». (2.33) 

1=1 

Let g G N be such that 

{xi - X2yYw{u,xi)Yw{v,X2) G }iom{W,W{{x\^'',xl^^))), 
ixi-X2yYw{v^'\x2)Yw{u^'\xi) G }lom{W,W{{x\^'',xl^''))) 

for all 1 < i < r. Furthermore, let s G N be such that x^fi{x) G C[[x]] for 1 < i < r. 
Then 

xlYw{Y{u, xo)v, X2) = ((xi - X2yYw{u, xi)Yw{v, X2)) Ui=x2+xo (2.34) 

and 

xl-''f,{-xo)Yw{Y{v'^'\-xoW'\xi) 

= {{Xl - X2yfi{x2 - Xi)) U2=a;i-xo {{^1 - X2yYw{v^'\x2)Yw{u^'\ Xi)) U2=xi-xo 

= {{xi - X2y-''f,{x2 - xi)Yw{v^'\ X2)Yw{u^'\x,)) (2.35) 
for 1 < z < r. Then, using Lemma [2.101 we obtain 

r 

Yl /.(-a;o)>V(e"°^F(t;«, -xo)m«, X2) 
1=1 

r 

= E /i(-a;o)>V(>^(t^^'\ -a;o)n«, X2 + xq) 

i=l 

' T 

J2{x, - X2y+'f\{x2 - x,)Yw{v^'\x2)Yw{u'^'\ Xi) 

/■ J. \ 

J2i^i-^^y^'M^2-x,)Yw{v^'\x2)Yw{u^'\xi) ] U.,=.2+xo. (2.36) 



, j=l 



If (12331) holds, combining (ICTD with fl2:36|) we obtain (12321) with p = q + s. On the 
other hand, if (W, Yw) is faithful and if fl232|) holds, combining (l^Mj) with (1236]) 
we get (12331) . □ 

Furthermore, we have the following refinement of Proposition 12.121 which is a 
twisted analog of Proposition 6.7 of |Li4j : 
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Proposition 2.13. Let V be a nonlocal vertex algebra with an automorphism a of 
period N and let {W, Yyy) be a a-twisted V -module. Let 

Mx),...,fr{x)ec{{x)). 

If 

r 

(xi - X2rY{u, xi)Y{v, X2) - {-X2 + xir Yl /^(^2 - xi)y X2)y 

j\ ^8X2) ^ ^X2, 



i=l 



i:nc»,.2)^(j^)^.-'^(^), (2.37) 



j=Q 

then 



(xi - X2)"1V(m, Xi)Yw{v, X2) 

r 

-{-X2 + xi)''Yfi{x2-xi)Yw{v^'\x2)Yw{u^"\xi) 



i=l 

k 



EMe"'...)^ (2,38) 



\ \dX2J \X2j \X2 

If (ly, Yw) is faithful, the converse is also true. 

Proof. From the first part of tlie proof of Proposition 6.7 of |Li4] . we see that f l2.37p 
is equivalent to 

r 

Y{u, x)v = J2 f\{-x)e''^Y{v^'\ (2.39) 

i=l 

Un+jV = for < j < s and Un+jV = for j > s. (2.40) 



Assume that (KWr\f holds. Then (1^:^ and fCT?]) hold. By Proposition [2121 
holds. Furthermore, using Lemma [2.111 we get 

(xi - X2)"1V(m, Xi)Yw{v, X2) 

r 

-{-X2 + Xi)''^ fi{x2 - xi)Ywiv^^ , X2)Ywiu^'\ Xi) 



i=l 



j=0 



Then using fl2.40p we obtain fl2.38p . On the other hand, assume that (1^, Y^y) is 
faithful and that ([^^ holds. It follows that ([232) holds. From Lemma fTTR we 
see that f[TTO holds. With W faithful, combining (1^:^ with ([23H]), we obtain 
I^M>- Also, by Proposition [2121 we have ([QTl) . which implies ([QO]) . Now, 1^37} 
follows. □ 
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As an immediate consequence we have: 

Corollary 2.14. Let V be a nonlocal vertex algebra with an automorphism a of 
period N and let {W^Yy/) be a a-twisted V -module. Suppose that u E (i.e., 
cr(co') = uo) is a conformal vector in the sense that 

[L{m), L{n)] = (m - n)L{m + n) + -^{m^ - rn)5m+nflC 

form,n e Z, and L{—1) = V, where Y{uj,x) = ^„gz and a is a complex 
number. Then W is a module for the Virasoro algebra with L{m) acting as Lw{fn) 
for m G Z with the same central charge c, where Yw{uJ,x) = Ylnez ■ 

Combining Lemma [2.111 with Proposition 12. 121 we immediately have: 

Corollary 2.15. Let V be a weak quantum vertex algebra, let a be an automorphism 
of period N ofV, and let (W, Yw) be a a-twisted module for V viewed as a nonlocal 
vertex algebra. Let 

u, V, v^'\ u^'\v^'-^ ev, f,{x),..., fr{x) e c((x)). 

// 

r 

(Xi - X2)''Y{U, Xi)Y{v, X2) = (Xi - X2)^ Yl ^^^^2 - Xi)Y{v^'\x2)Y{u^'\xi) 



i=l 



for some k E N, then 



Xf^^6 ( — — — ) Yw{a,xi)Yw{b,X2 



Xo 

^ i=i 



-Xo 

= ^E^2'5 (^<(^^^)"j>V(n^^a,a;o)&,X2). (2.42) 

Remark 2.16. Let be a vertex algebra and let a be an automorphism of V of 
period A^. Recall (see |FLM2j . |FFRj . [D] ) that a a-twisted V -module is a vector 
space W equipped with a linear map IV '■ V ~^ Hom(PV, ly ((x^v))), satisfying the 
conditions that Fvk(1,x) = Iw, 

xnYw{u, x) G Rom{W, W{{x))) for u e , < 3 < N - 1, (2.43) 
and that for u,v ^ V, 

Xo^6 ( — — — ) Yw{u, xi)Yw{v, X2) - Xq^6 ( — — — ) Yw{v, X2)Yw{u, xi) 
V ^0 / \ —^0 J 



[^~n' (^^^)") yw{y{oH,xo)v,X2). (2.44) 
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In view of Corollary 12.151 a a-twisted module for V viewed as a vertex algebra is 
the same as a a-twisted module for V viewed as a nonlocal vertex algebra. 

Example 2.17. Let W he a. vector space and let be a positive integer. Set 
V = {EndW){{xN)). The space V is naturally an associative algebra with identity 
1 and the formal differential operator ^ is a derivation of V. Then is a nonlocal 
vertex algebra with 1 as the vacuum vector and with 

Y (a(x) , Xo)b{x) = (^e^°d^a{x)j b{x) = a{x + Xo)b{x) for a{x),b{x) E V. 

Define a linear map 6 : V ^ V hj 

9{a{x)) = lim a{x) for a{x) G V. 

It is clear that 6 is an order- automorphism of V viewed as an associative algebra. 
It follows that 6 is an order-A^ automorphism of V viewed as a nonlocal vertex 
algebra. Furthermore, W is a. 6'-twisted V^-module with Yw{ci{x), z) = a{z) for 
a(x) G V. Indeed, for a{x),b{x) G V, we have 

a{xi)b{x2) G Hom(iy,iy((xf ,xf ))), 

so that 

Yw{a{x),xi)Yw{b{x),X2) = a{xi)b{x2) G }iom{W,W{{xf ,xf))), 
Yw{Y{a{x),Xo)b{x),X2) = (Y {a{x) , Xo)b{x)) = (a(xi)6(x2)) \^^=^2+xo- 

3 General construction of twisted modules 

In this section we shall give a conceptual construction of twisted modules for weak 
quantum vertex algebras, generalizing the construction in |Li2] of twisted modules 
for vertex superalgebras and the construction in jLl4] of weak quantum vertex alge- 
bras. 

Let W he a general vector space and let iV be a positive integer, both of which 
are fixed throughout this section. Set 

Zat = Z/NZ, 

a cyclic abelian group of order N, and for j G Z, set j = j + NZ E Z^. Consider 
the vector space (EndH^)[[xiv, which is naturally Z^r-graded with 

{EndW)[[x^,x-^] = x^{EndW)[[x,x-% 
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We define an order- linear automorphism 9 of (EndVI/^)[[xiv,x n]] by 

9f{x) = uj^^ f{x) for f{x) e xTf {EndW)[[x, x~^]] with j e Z. 
For a general (not necessarily homogeneous) f{x), we have 

9{f{x))= lim f{x) for /(x) e (Endiy)[[a;^, 

Set 

g{W,N) = Rom{W,W{{x^))), (3.1) 
a subspace of (Endll^)[[x^, x~^]], recalling that 

S{W) = Rom{W,W{{x))) C (EndH^)[[x,x~^]]. 
It is clear that £{W,N) is a graded subspace of (Endiy)[[x'^, x""^]] with 

N-l 

S{W, A^) = x-^S{W), (3.2) 

j=0 

so that 9 is also an order- linear automorphism of S{W, N). For < j < A^ — 1, 
set 

£iW, Ny = x-^£iW) = {fix) G £iW, N) \ ^(/(x)) = ^],/(x)}. 

Definition 3.1. An (ordered) finite sequence (ai(x), . . . ,ar{x)) in £{W,N) is said 
to be compatible if there exists a nonnegative integer k such that 

Yl (xi-xj)M ai(xi)---a,(x,) G Hom(iy,iy((xf ,...,Xr^))). (3.3) 

vl<j<jr<r / 

A subset U of SiW,N) is said to be compatible if every finite sequence in U is 
compatible. 

In particular, an ordered pair (a(x),6(x)) in S(W,N) is compatible if and only 
if there exists a nonnegative integer k such that 

(xi - X2)''a(xi)6(x2) G Ilom{W,W{{xf,xf))). (3.4) 

Definition 3.2. Let (a(x),6(x)) be a compatible (ordered) pair in S{W,N). Define 
a(x)„6(x) G (Endiy)[[xiv, a;~iv]] for n G Z in terms of the generating function 

F£-(a(x), Xo)&(x) = ^^(a(x)„6(x))xQ "^""^ (3.5) 



by 



y£-(a(x), xo)6(x) = Xq '^((xi — x)'^a(xi)6(x))| j_ i, (3.6) 

Xj'^ ={x+xo)77 



where k is any nonnegative integer such that (13. 4p holds. 
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Just as before, for convenience we simply use Xi = x + Xq for the substitution 
Xi = (x + Xo)n . The following two lemmas are straightforward consequences: 

Lemma 3.3. Let (a(x),6(x)) be a compatible pair in £(W,N). Then 

a{x)nb{x) G S{W, N) (= Hom(iy, W{{x^)))) for n e Z. 
Furthermore, if k is a nonnegative integer such that 



(xi -X2)^a(xi)6(x2) G }iom{W,W{{x'^ ,x^))), 

then 

a{x)nb{x) = for n> k. 

Lemma 3.4. For any a{x) G £{W,N), the sequences {lw,ci{x)) and {a{x), Iw) are 
compatible and we have 

Ff(li4/,xo)a(x) = a(x), 

Yg{a{x),XQ)lw = cl{x + Xo) = e^°'^a{x). 

We shall need the following technical result: 

Lemma 3.5. Let (aj(x), {i = 1,. . . ,n) be compatible pairs in S{W,N). Sup- 

pose that 

n 

Y^{z - xf^ai{z)hi{x) G Hom(Vr, W{{z^, x^))) (3.7) 

i=l 

for some nonnegative integers ki. Then 

n / " \ 

^xl'Ye{ai{x),XQ)hi{x) = ^(2; - x)^'ai(z)6i(x) J |.=x+xo- (3.8) 

i=l \i=l J 

Proof. Let k he a nonnegative integer such that 

{z — x)^ ai{z)hi{x) G Hom(PF, W{{z'^ ,x^))) for 1 < i < ra. 



From Definition 13. 2[ we have 

xlYs{ai{x),XQ)hi{x) = {{z - xfai{z)bi{x)) \z=x+xo 
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ioT 1 < i < n. Then using fl3.7l) we get 

n 

Xo^XQ'Y£{ai{x),xo)bi{x) 
1=1 

n 

= ^Xq' ((2;-x)^ai(2;)6i(x)) 

2=1 

' n \ 

{z - x)'' "^{z - x)''^ai{z)bi{x) j \,=^+cco 

V i=l J 

4 I " x)'''cii{z)Hx) I \z=x+xo, (3.9) 



I z=x+xo 



which imphes (13. 8 P immediately. □ 

Let f/ be a subspace of S{W) such that every ordered pair in U is compatible. 
We say U is dosed if 

a(x)„6(x) G U for a(x),6(x) G [/, n e Z. (3.10) 

We are going to prove that any closed compatible subspace containing Iw of £^(1^, N) 
is a nonlocal vertex algebra. To achieve this goal we first prove: 

Lemma 3.6. Assume that V is a subspace of S{W, N) such that any sequence in V 
of length 2 or 3 is compatible and such that V is closed. Let tlj{x),(j){x),6{x) G V 
and let k be a nonnegative integer such that 

{x-y)^(t){x)e{y) G llom{W,W{{x^ ,y^))), (3.11) 

{x - y)\x - z)\y - z)''ilj{x)(f){y)e{z) G Ilom{W,W{{x^ ,y^ , z^))). (3.12) 

Then 

x^4(a;i - X2)''Y£{^{x), Xi)Y£{^{x), X2)9{x) 

= {{y - x)\z - x)\y - zfij{y)(^{z)e{x))\y=,+,,,,=,+,,. (3.13) 

Proof. With (13. lip , from Definition 13.21 we have 

xlYe{<P{x),X2)e{x) = {{z-xf<P{z)e{x))l=^+^,, (3.14) 

which gives 

{y ~xf{y-x- X2)^4^(i/)lf (0(x), X2)^(x) 
= {{y - x)\y - zf{z - x)V(y)0W^(a;))|.=x+... (3.15) 

From (13.121) we see that the expression on the right-hand side of (13.151) lies in 

(Hom(iy,iy((l/^,a;^)))[[x2]], 
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so does the expression on the left-hand side. That is, 

{y - xf{y - X - X2fxli){y)Ys{(p{x), X2)6{x) G (Hom(iy, W{{y^ ,xTf)))[[x2]]. 

In view of Lemma [3.5^ by considering the coefficient of each power of X2-, we have 

x\{xi - X2fxlY£{il){x),xi)Y£{(p{x),X2)e{x) 
= i{y-x)''iy-x-X2)''x^^ij{y)Y£i^ix),X2)9{x))\y=^+^^. (3.16) 

Using this and (13.141) we obtain 

x\x\{xi - X2)^Y£{^{x),Xi)Y£{4){x),X2)Q{x) 

= x'^iy - xfi^y -X- X2f^^{y)Y£{(t){x),X2)6{x))\y=^+^^ 
= {{z - xfiy - x)\y - z)''ij{y)^{z)9{x))\y=^+^,,,=^+^„ 

concluding the proof. □ 

For any formal series a{x) = 'Ylm&z^n^^^''^^ (with coefficients a„ in any vector 
space) and for any m G Z, we set 



a[x)>r 



Y,cinX-"-\ (3.17) 



Then for any polynomial q{x) we have 

ReSxx"^ q{x)a{x) = ReSxx'^q{x)a{x)>m- (3.18) 
Now we are in a position to present our first key result: 

Theorem 3.7. Let V be a Z^-graded subspace ofS{W,N) such that any sequence 
in V of length 2 or 3 is compatible and such that V contains Iw md is closed. Then 
{V,Y£, Iw) carries the structure of a nonlocal vertex algebra with 9 as an automor- 
phism of period N , andW is a faithful 6 -twisted V -module withYw{a{x),xo) = a{xo) 
for a{x) G V. 

Proof. For the assertion on the nonlocal vertex algebra structure, with Lemmas 13.31 
and 13. 4[ it remains to prove weak associativity, i.e., for ilj{x),(f){x),6{x) G V, there 
exists a nonnegative integer k such that 

(xo + X2)''Y£{iIj{x), Xo + X2)Y£{(f){x),X2)e{x) 
= {xo + X2)''Y£{Y£{^{x),Xo)(j){x),X2)e{x). 

Let k he a nonnegative integer such that 

(x - y)''i/j{x)(t>{y) G Hom(PV, W{{x^ ,y^))), 
{x - y)^(l){x)9{y) G Hom(VF, W{{x^ ,y^))), 

{x - yY{x - z)^{y - zY%l){x)(t){y)9{z) G Hom(M/, iy((x^, y^, 2;^))). 
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By Lemma [3.61 we have 

X2(Xo + X2)''x'^Ys{iIj{x),Xo + X2)l£- (0(x) , X2)^(x) 

= {{z-x)\y~x)''{y- zf4j{y)(P{z)e{x))\y=,+,,+^,^,=,+,,. (3.19) 

On the other hand, let n & Z be arbitrarily fixed. Since ip{x)m4>{x) = for m 
sufficiently large, there exists a nonnegative integer /, depending on n, such that 

x'2iYe{ijix)m<P{x),X2)e{x) = ((2-x)'(7/'(z)„0(2))^(x))|,=,+,, (3.20) 

for allm > n. With (x — y)^^lj{x)(f){y) E llom(W,W{{x^ ,y^))), from Definition 13.21 
we have 

x^(F^(V^(x2),xo)0(x2))^(x) = {{y - X2)''tljiy)(l)ix2)e{x))\y=^,+^,. (3.21) 
Using dsn, (^M and (IXTTD we get 

ReS^^oXg (Xo + X2)^XoX2l£-(l£-(V^(x), Xo)0(x), X2)6'(x) 

= Res^oXg (a;o + X2)''xoX2l£-(lf(V^(x), Xo)>„0(x), X2)6'(x) 

= Res^oX]^{xo + X2)''x^o{{z - xy{Y£{ilj{z),xo)>n(j){z))e{x))\^=^+^^ 

= Res^oXo(xo + X2)^Xo((2; - x)Y£-(?/'(2;), xo)0(2))6'(x))|2=^+^2 

= Res^oX^((2; + Xq - x)''x^{z - a;)'(F^(^(z), xo)0(z))^(x))|^=^.+^2 

= Res^oX^((i/ - x)'=(i/ - z)\z - x)V(i/)0(z)^(x))|y=,+^.o,,=^+^2 

= Res^oX^((?/ - x)'=(?/ - 2;)^(2; - x)V(l/)0(2)^(a;))|y=x+x2+xo,^=x+x2- (3.22) 

Combining flX^ with (ICTj) we get 

Res^„x;jx^(xo + X2)''xSx^r^(^(x), Xq + X2)F^(0(x), X2)^(x) 
= Res^^x'^x''^{xo + X2)''x^x[Y£{Y£{tl;{x),Xo)<j){x),X2)9{x). (3.23) 

That is 

ReS^,X^+*=(Xo + X2)*=Ff (^/'(x), Xo + X2)lf (<^(x), X2)^(x) 

= Res^,Xo^''{xo + X2)''Y£(Y£{ip{x),Xo)(l)ix),X2)9{x). 
Since n is arbitrary, we obtain 

(Xo + X2)''F£-(V^(x), Xo + X2)l£-(0(x), X2)6'(x) 
= (xo + X2)''Ff(lf(^(x),Xo)0(x),X2)^(x), 

as desired. Thus (V, l^-, Iw) carries the structure of a nonlocal vertex algebra. 

To show that 6 is an automorphism of V, ffist we see that 6{lw) = 1^. Next, 
for a(x), 6(x) G V, there exists k E N such that 

(xi - X2)''a(xi)6(x2) G Hom(Vr,Vr((xf ,xf ))), 

(xi -X2)''^(a(xi))e(6(x2)) G Hom(iy,iy((xf ,xf ))). 
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From Definition 13.21 we have 



Then 



XQY£{a{x),Xo)b{x) = {{xi - x)''a{xi)b{x)) \^i/N^^^^^^y^^, 
x^oYe{e{a{x)),Xo)e{b{x)) = {{xi - x)''e{a{xi))e{b{x))) |,i/iv^(^^^^)i/iv 



x'^e {Y£{a{x),Xo)b{x)) 

lim^ (^x^Ysi^a^x), Xo)b{x)) 



which implies 



i/iv (((^1 ~ xfaixi)bix)) Li/iv^(,+,^)Viv) 
((xi - x)''9iaixi))9{bix))) |,i/iv^(^^^^)i/^ 
x',Ye{e{a{x)),xo)9{b{x)), 

eiY£{a{x),xo)b{x)) = Y£{9{aix)),xo)e{b{x)). 



Thus 6 is an automorphism of V. 

By definition we have Fv^llvy, x) = Iw and 

YwiO(a(x)), z) = lim ctf-z) = hm Yw(a(x),z) 

for a{x) G l^. Furthermore, for a(x),6(x) G l^, there exists a nonnegative integer 
such that 

{xi-X2fa{xr)b{x2) G Hom(iy, xj^^))) 



and 
Then 



XQYs{a{x),xo)b{x) = ((xi - x)^a(xi)6(x)) |^i/iv^(^._^^^^i/^,. 

XQYwiY£{a{x),Xo)b{x), Xs) 
= Xq (F£-(a(x), xo)&(x)) |^=x2 

= ((Xi - X2)'a(xi)6(x2)) |,i/iv^(^^_,^^)Viv 

= ((xi -X2)''lV(a(x),xi)Fty(6(x),X2)) \^i/N^^^^^^^y;^. 

This proves that is a ^-twisted V^-module with Yw{a{x),xo) = a(xo) for a(x) G V! 
It is clear that W is faithful. □ 

Next we are going to prove that any compatible subset of £(W,N) generates a 
nonlocal vertex algebra. The following is a key result: 
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Proposition 3.8. Let '4!i{x), . . . ,i{jr{x),a{x),b{x),(f)i{x), . . . ,(l)s{x) eS{W,N). As- 
sume that the ordered sequences {a{x),b{x)) and 

(^i(a;), . . . ,ilJr{x),a{x),b{x),(j)i{x), . . .,(ps{x)) 

are compatible. Then for any n & Z, the ordered sequence 

{^l{x), . . . ,ljjr{x),a{x)nb{x),(pi{x), . . .,(ps{x)) 

is compatible. 

Proof. Let A; be a nonnegative integer such that 

(xi - X2)''a{xi)b{x2) e Iioui{W,W{{xf,xf))) 



and 



( n ivi-y^A ( n ivi-'^A ( n i^i-^jA 

\l<i<j<r / Vl<i<r,l<j<s / \l<i<j<s / 

•V'l(yi) • ■ ■i^r{yr)0'{xi)b{x2)(t)l{zi) ■ ■ ■ (l)s{Zs) 
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e Hom(W^, W{(y,- , . . . , y.- , , , , . . . , zi' ))). (3.24) 



Set 



l<i<j<r l<i<j<.s i^i^i", 

Let n e Z be arbitrarily fixed. There exists a nonnegative integer I such that 

x'+''-' e C[[xo]]. (3.25) 
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Using fl3.25l) and Definition 13.21 we obtain 

r s 

Yli^2 - Vif^ Wi^2 - ^jf^ ■ MVl) ■ ■ ■ A{yr){a{x2)nb{x2))Mzi) ' ' ' M^s) 
i=l j=l 

r s 



1=1 j=i 
■i^iiUi) ■ ■ ■ A{yr)(Y£{a{x2) , Xo)b{x2))(f)i{zi) ■ ■■4>s{zs 



i=l j=l 

Xl=X2+X0 



\kl 



ReSa;oXo - xq - Vif^ Wi^^ -xo- zjY 

i=i j=i 

- X2)'''lpl{yi) ■ ■ ■ iJr{yr)a{Xi)b{x2)Mzi) " " " (ps{Zs))\ 

Res.„x^(e-^''^ \\{{x, - f{{x, - z^f 

\i=i j=i / 

■Xq''{Xi - X2)^i'l{yi) ■ ■ ■ A{yr)a{Xi)b{x2)Mzi) ■ ■ ■0s(-2s))| Xl=X2+Xo 
i=0 ■ \ 1/ j=i / 



•Xq (X1-X2) ■ipi{yi)---A{yr)a{xi)b{x2)(t)i{zi)---(j)s{zs))\xi=x2+xo- (3-26) 

Notice that for any polynomial B and for < t < / — 1, ^^f^j -B' is a multiple of 
B. Using (13 .24^ we have 

pQRi[{x2 - y.r ri(^2 - z.n^ m^xr*-'^ (^) ' ( n(xi - y.)^ n(xi 

i=l 1=1 t=0 ■ V 1/ j=i 



\k 



■{Xi - X2) IpliVl) ■ ■ ■1pr{yr)a{Xl)b{x2)(j)l{Zi) ■ ■ ■ (f)s{Zs))\ 

e (Hom(l^, Wiiyf, yP , xf^zf, zf )Mxo)). 
Then 



PQRll{x2-m)"''' 



-1) 

i=l 



■ JJ(X2 - Zjf^^^^^i{yi) ■ ■ ■ i}r{3Jr){a{x2)nb{x2))(t)l{Zi) ■ ■ ■ (j)s{Zs) 



1 -Ir 1 

TV 



e Hom(ly,ly((|/f,...,y-,X2^^f ,...,z/))). (3.27) 
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This proves that the sequence (ipii^), ■ ■ ■ ,4'r{x),a{x)nb{x),(f)i{x), . . . is com- 

patible. □ 



Now we have: 

Theorem 3.9. Let V be a maximal Z^-graded compatible subspace of S{W,N). 
Then V contains Iw and is closed. Furthermore, (V, Yg, 1^) carries the structure 
of a nonlocal vertex algebra with 9 as an automorphism of period N and W is a 
9-twisted V -module with Yw{a{x),XQ) = a(xo) for a{x) G V . 

Proof. Clearly, the linear span of V and Iw is still ZAr-graded and compatible. 
With V being maximal we must have Iw € V- Let a{x),b{x) G V and n G Z. 
In view of Proposition 13.81 any (ordered) sequence in U {a{x)nb{x)} with one 
appearance of a(x)„6(x) is compatible. By induction on the number of appearance 
of a{x)nb{x), using Proposition 13.81 again, we see that any (ordered) sequence in y U 
{a{x)nb{x)} with any (finite) number of appearance of a(x)„6(x) is compatible. Thus 
V+Ca{x)nb{x) is compatible. Since V is maximal, we must have V+Ca{x)nb{x) = V, 
which implies that a{x)nb{x) G V. This proves that V is closed. By Theorem 13.71 
{V,Ys,lw) carries the structure of a nonlocal vertex algebra with with 6 as an 
automorphism of period N and IV is a 6'-twisted V^-module. □ 

Furthermore, we have (cf. |Li3j . |Li4] ) : 

Theorem 3.10. Let U be any compatible subset ofS{W,N), which linearly spans a 
graded subspace. There exists a unique smallest closed Zj^j-graded compatible subspace 
denoted by (U) which contains U and Iw Furthermore, ((f/), l^y) carries the 
structure of a nonlocal vertex algebra with 9 as an automorphism of period N and 
W is a 9-twisted module with Yw{a,{x)^XQ) = a(xo) for a{x) G {U) . 

Proof. From assumption, U and Iw linearly span a ZAr-graded compatible subspace 
of S{W,N). In view of Zorn's lemma, there exists a maximal Z^r-graded compat- 
ible subspace V of £{W,N), containing U and Iw By Theorem 13. 9^ V is closed, 
{V,Y£,lw) carries the structure of a nonlocal vertex algebra with 9 as an auto- 
morphism of period N, and IV is a ^-twisted V-module. Then the nonlocal vertex 
subalgebra (U) of V, generated by U, is the unique smallest closed Z^r-graded com- 
patible subspace that contains U and Iw- The rest is clear. □ 

Next, we are going to show that compatible subsets of a certain type generate 
weak quantum vertex algebras. 

Definition 3.11. A subset U of S{W, N) is said to be S-local if for any a(a;), b{x) G 
U, there exist fi{x) G C((a;)), ai{x)^hi{x) G f/ for ? = 1, . . . , r (finite), and a non- 
negative integer k such that 

r 

{xi - X2fa{xi)h{x2) = (xi - X2)'' fiix2 - Xi)ai{x2)bi{xi). (3.28) 

i=l 
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Lemma 3.12. Every S-local subset U of S{W,N) is compatible. 



Proof. It follows from the same proof of Lemma 3.2 in |Li4] . □ 

The following is the main result of this section: 

Theorem 3.13. Let U be any S-local subset of S{W,N), which linearly spans a 
graded subspace. Then the nonlocal vertex algebra (U) generated by U is a weak 
quantum vertex algebra on which 9 acts as an automorphism of period N, and W is 
a faithful 6-twisted {U)-module with Y\Y{a{x),XQ) = a{xo) for a{x) G {U) . 

Proof. By Lemma 13.121 and Theorem I3.10[ (U) is a nonlocal vertex algebra with 
an automorphism 6 of period A^, and is a faithful ^-twisted (?7)-module with 
Yw{a{x),xo) = a{xo) for a{x) G {U). As U is iS-local, it follows from Propositions 
12.121 and 12.61 that (U) is a weak quantum vertex algebra. □ 



4 Twisted modules for quantum vertex algebra 

In this section we shall use the general construction we have established in Section 3 
to construct twisted modules for quantum vertex algebras Vq which were constructed 
in [KL]. 

First we recall the quantum vertex algebra Vq from [KLj . Let r be a positive 
integer and let Q = {qij)lj^i be a square matrix of complex numbers such that 

qijqji = 1 for 1 < z, j < r. 

Define to be the associative algebra (over C) with identity, with generators 

Xi^n, Yi^n for 1 < i < r, n e Z, 

subject to relations 

-Xi,mYj^n QjiYj.n-Xi,m ^i,j^m+n+l,0 (^■■^) 

for 1 < "i, J < r, m,n & Z. For 1 < i < r, form the generating functions 

The defining relations in (14.11) now read as 

Xi{zi)Xj{z2) = qijXj{z2)Xi{zi), Yi{zi)Yj{z2) = qijYj{z2)Yi{zi), 
X,{z^)Y,{z2) - q,,Y,{z2)X,{z^) = b,^,z:,^b . (4.2) 
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A vector w in an ^Q-module is called a vacuum vector if Xi^nW = Yi^nW = for 
1 < i < r, n > 0, and an ^Q-module W equipped with a vacuum vector which 
generates W is called a vacuum Aq^-module. 

Denote by Jq the left ideal of generated by the elements 

Yi^n ( 1 < i < r, n > 0). 

Furthermore, set 

Vq = ^q/Jq, 

a left ^Q-module, and set 

1 = 1 + Jq G Vq. 

Then 1 is a vacuum vector and Vq with 1 is a vacuum ^Q-module. Moreover, the 
vacuum ^Q-module Vq is universal in the obvious sense. For 1 < i < r, set 

M«=X,,_il, i;« = G Vq. (4.3) 

It was proved in [KLj (cf. |Li5] ) that there exists a unique quantum vertex algebra 
structure on Vq with 1 as the vacuum vector and with 

Y{u^^, z) = Xi{z), Y{v^'\ z) = Yi{z) for 1 < i < r. 

Vq as a nonlocal vertex algebra is generated by the vectors u^'^\v^^^ for 1 < i < r. 
Furthermore, Vq is a conformal quantum vertex algebra of central charge —{qn + 
■ ■ ■ + Qii) with conformal vector 

^ = ^E(^iV^^-fe«S^^^^) (4.4) 
1=1 

and Vq is ^N-graded by L(0)-weights, where (Vq)(o) = Cl and 

(Vq)(i/2) = span{u('),t;« | 1 < z < r}. 

Let iV be a positive integer. By observing the defining relations of ^q, it is 
readily to see that ^q admits a unique automorphism 6j\f such that 

9N{Xi^ri) = ^NXi^n, ON{Yi,n) = t^^^^i.n for 1 < « < r, U E Z. (4.5) 

As 9n{Jq) = Jq, we see that 9n gives rise to a linear automorphism, which is also 
denoted by 9n, of Vq. We have 

^^^(1) = 1, ^^(n«w) = unu^'^9n{w), 9n{v^^w) = uj-^'v^:^9n{w) 

for 1 < i < r, n G Z, w G Vq, as ui'' = Xi^n and Vn'' = Yi^n- Since Vq as a nonlocal 
vertex algebra is generated by the vectors M'^*\t>*^*) for 1 < i < r, it follows that 9^ 
is an automorphism of the quantum vertex algebra Vq, where 

^^(u«) = cj^u(*), 9n{v^^) =u}n^v^^ forl<«<r. (4.6) 

From now on, we fix this order- iV automorphism 6'^? of Vq. 

Next, we study ^^Ar-twisted Vq-modules. To describe ^at- twisted Vq-modules we 
shall need a 6'Ar-twisted analogue of .4q. 
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Definition 4.1. Define .Aq[6'7v] to be the associative algebra with identity, with 
generators 



Km^y!,n for l<z<r, mG^ + Z, nG-^ + Z, 



subject to relations 

=n- X^ X^ Y^ = n -Y^ Y^ 

i,m j.n ^ij j,n i,iw i,m j,n ^ij j,n i,rat 

-^Im^ln ~ 1ji^j,n-^lm = ^ij^m+n+lfl (4-7) 

for 1 < j < r, m G ^ + Z, n G + Z. 

For 1 < i < r, form the generating functions 

which are elements of ^q[^jv] [[x^^^, x' -1/^]]. The relations (|12D now read as 

Xf (xi)y^(x2) - g,,y;^(x2)Xf (xi) = 5,,xr^5 f ^) f ^) " . (4.8) 



Xi / \Xi 

We say that an ^q[0 at] -module W is restricted if for any w E W, 1 < i < r, 
Xi^mW = Yi^nW = OformG;^ + Z, nG— ;^ + Z sufficiently large. 

Theorem 4.2. Let W he any restricted Aqi[9 N]-module. Then there exists a unique 
structure of a Oj^-twisted VQ-module on W with 

Yw{u^'\ z) = Xl{z), yH/(t^«, z) = Y^{z) 

for 1 < i < r. On the other hand, for any 0]^-twisted VQ-module (W,Yw), W is a 
restricted AQ[9N]-module with 

Xf(^) = lV(M«,^), Yf{z)=Yw{v^'\z) forl<i<r. 

Proof. The uniqueness is clear as Vq is generated by f*^*-' (1 < < t). Set 

Uw = {Xf (x), Yf{x) \ l<z<r}c£{W,N). 

It follows from (14.81) that Uw is an iS-local subset of £{W,N), consisting of homo- 
geneous elements. By Theorem I3.13[ Uw generates a weak quantum vertex algebra 
(Uw) on which 9n acts as an automorphism, and is a faithful 6'7v-twisted {Uw)- 
module. With the relations (14. 8p . it follows from Proposition 12.131 that (Uw) is an 
^Q-module with Xj^„ and Yi^n acting as (x)„ and Yf{x)n for 1 < z < r, n G Z, 
respectively. Since {Uw) as a nonlocal vertex algebra is generated by Xf (x), Yf for 
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1 < i < r, it follows from Lemma 2.3 that (Uw) is a vacuum ^q-module with a vac- 
uum vector IvK- Consequently, there exists an ^q-module homomorphism ip from 
Vq to (Uw), sending 1 to Iw Again, since Vq is generated by u^^\v^^^ ior 1 < i < r, 
it follows that ^ is a homomorphism of nonlocal vertex algebras. Consequently, W 
has a 6'iv-twisted Vq-module structure as desired. 

Now, let (ly, Yvv') be a ^^v-twisted Vq-module. By Proposition 12.131 we have 

Yw{u^'\x,)Yw{u^^\x2) = q,,Yw{u^'\x2)Yw{u^'\x,), 
Ywiv^'\xi)Ywiv^'\x2) = q,,Ywiv^'\x2)Ywiv^'\x^), 



Yw{u^'\x^)Yw{v^'\x2)-q,^Yw{v'^'\x2)Yw{u^'\x,) = 5,^,x^H 



X2\ 1X2 
XlJ \Xi 



Thus is a restricted ^Q[6'7v]-module with 

Xf{z) = Yw{u^'\z), Yf{z) = Yw{v^'\ z) for 1 < ^ < r. 
This completes the proof. □ 



Remark 4.3. Let W be any restricted ^Q[^Ar]-module. In view of Theorem 14.21 
there exists a (unique) 6'7v-twisted Vq-module structure Yvk on ^ such that 



Yw{vS'\x) = Xf (x), Yw{v^'>,x) = 

for 1 < i < r. Recall that Vq is a conformal quantum vertex algebra of central 
charge — (gn -|- ■ ■ ■ -|- qu) with conformal vector 



2 

i=l 



Clearly, ^Ar(co') = uj. By Corollary I2.14[ is a module for the Virasoro algebra of 
central charge —{qu -|- ■ ■ ■ -|- qu) with L(m) for m G Z given by 



UJr,X " \ 



By using the twisted Jacobi identity one can express L{n) for n G Z in terms of 
Km+i/N^ Y',m-i/N for m G Z, 1 < z < r. 
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